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Abstract 

The spin Hall effect is a phenomenon that an electric field induces a spin Hall current. In this 
Letter, we examine the inverse efi^ect that, in a ferromagnetic conductor, a charge Hall current is 
induced by a spin motive force, or a spin-dependent effective 'electric' field E^^ arising from the 
time variation of magnetization texture. By considering skew-scattering and side-jump processes 
due to spin-orbit interaction at impurities, we obtain the Hall current density as ctsh^t- x -E-si where 
n is the local spin direction and cjsh is the spin Hall conductivity. The Hall angle due to the spin 
motive force is enhanced by a factor of compared to the conventional anomalous Hall effect 
due to the ordinary electric field, where P is the spin polarization of the current. The Hall voltage 
is estimated for a field-driven domain wall oscillation in a ferromagnetic nanowire. 

PACS numbers: 72.25.Ba, 72.20.My, 75.47.-m, 75.75.+a 
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Introduction: Magnetization dynamics induced by an electric current flowing in a nano- 
structured ferromagnet has been studied intensively for a decade because of the enormous 
application potentialities called spintronics. It has been well recognized that such phenomena 
are due to spin torques [1,2] that localized spins of d-electrons in a ferromagnet are exerted 
by conducting s-electrons through the s-d exchange coupling. 

It was proposed that as a reaction to spin torques there arises a spin-dependent motive 
force (spin motive force) from magnetization dynamics [3, 4, 5, 6, 7, 8, 9, 10]. For a 
slowly- varying spin texture n (and in the absence of spin relaxation), it is expressed by the 
spin-dependent effective 'electric' fleld as [7, 8] 



The fleld Es, or the force Fs = —eEg, acts on the electrons in a spin-dependent way, namely, 
it drives majority-spin and minority-spin electrons in mutually opposite directions [11] and 
produces a (diagonal) spin current in the direction of Es. In the presence of spin-orbit 
interaction (SOI), the orbits of opposite-spin electrons will be curved in opposite directions, 
and a net Hall current is expected in a direction perpendicular to Eg. 

Similar phenomenon was proposed as the inverse spin Hall effect (ISHE) where a spin 
current is converted to a charge current via SOI, and observed experimentally [12, 13, 14, 15, 
16]. Theoretical studies were given for nonmagnetic metals with a spin current injected from 
the attached ferromagnet by the spin-pumping effect due to spin dynamics [17, 18, 19, 20]. 

In this Letter, we study the ISHE induced by spin motive force, or Eg, due to the dynamics 
of spin texture in ferromagnetic metals, including SOI from impurities. We will show that 
the total current is given by 



where cTg = o"| — cTj is the "spin conductivity" and a^^ = a^^ + a^^ is the spin Hall conduc- 
tivity, with and a^-^ (dj and cr^^) being diagonal and Hall conductivities for majority-spin 
(minority-spin) electrons. 

Equation (2) may be contrasted with two related phenomenon in ferromagnets. One is 
the spin Hall effect [21], given by the second term of the relation 




(1) 



J = ffsEs + o-gTrn X E, 



(2) 



Js = a^E + o-gnn x E, 



(3) 
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which shows that a spin current Js = <J^ — Ji is induced by an ordinary electric field, E. 
The other is the anomalous Hall eff^ect [22], 

J = acE + a^n x E, (4) 

where (Xc = a| + is the electrical ("charge") conductivity and = cr^-^ — is the 
anomalous Hall conductivity. 

The Hall resistivity, psH = o"sh/o"s, in the present case Eq. (2) is larger by a factor of 
~ compared to that of the conventional AHE, pn = o"h/o"c) where P = (Ts/ctc J^s/ J^) 
is the spin polarization of the current. The result will be applied to an oscillating motion of 
a domain wall driven by a magnetic field, and the Hall voltage is estimated. 

Usually, the relation Eq. (4) assumes a uniform magnetization, n = z for example. The 
derivation of Eq. (2) presented in this Letter also justifies Eqs. (3) and (4) generalized to 
the case of slowly-varying n. 

Model: We consider a ferromagnetic metal containing impurities with SOI. We adopt 
the s-d model consisting of conduction s-electrons and localized (^-electron spins, both are 
coupled ferromagnetically. The localized d-spins are treated as classical, and assumed to be 
slowly varying in space and time. They are denoted by S{r,t) = Sn{r,t), where S is the 
magnitude of the (i-spin and n = (sin 6 cos 0, sin 6 sin 0, cos 6) is a unit vector. The total 
Lagrangian of the s-electron system is given hj L = Lq — iJsd — Hso, 

d^r ( ih— + — + - Mmp j c, (5) 

= -M j d^r n{x) ■ (cVc),, (6) 

TTl f 

Hso = Ko^Sija / dr {d,Vi^p{r))jf{x), (7) 

where c^(x) = (c|(x), c|(x)) is the electron creation operator at x = {r,t), ep is the Fermi 
energy, 2M is the s-d exchange splitting, and cr is a vector of Pauli spin matrices. The 
impurity potential is modeled as the short-ranged one, Vimp{r) = uj^i^i''^ ~ ^i): where u 
denotes the strength of the impurity potential and Ri represents the randomly distributed 
impurity positions. The Hso describes SOI at impurities, where = - — :{c^a"djc) = 

(c^a^djC — (djC^)a°'c) is the spin-current density. Ago is the strength of SOI, and Eija is 

2rm 

the complete anti-symmetric tensor with Sxyz = 1- Repeated index implies summation over 
h3,Oi = x,y,z. 
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In ferromagnetic metals, the exchange couphng energy M is strong, and it is useful to 
perform a local transformation so that the spin quantization axis of s-electrons is taken 
to be the local (i-spin direction n at each point of space and time [23, 24, 25]; c(x) = 
U{x)a{x), c^{x) = a''{x)W{x), where [/ is a 2 x 2 unitary matrix given by f/ = m ■ a with 
m = (sin(6'/2) COS0, sin(0/2) sin0, cos(6'/2)). The spin density cV"c is transformed into 
a^t/V"t/a = TZ°'^a'^a^a, where 7?.°^ = 2m°'m^ — 6"^ is a 3 x 3 orthogonal matrix. Noting 
that Tif^TV^ = 5°'^ and W°' = n", one can see that c^n ■ ac = a)a^a. The SU(2) gauge 
field is given by = —iWd^U = = A^-cr (/i = 0, x, y, x), where indicates the time 

component. In the rotated frame, the Lagrangian L is given by L = Lgi — i/e-A — -f^so up to 
the first order in A'^ [26, 27], where 

d 



^el 



dr a'' 



ih— + — + ep + Ma' - V[^p 



(8) 

^so = Koje,,o. j d'r{d,V,^^{r))n"''{x)j^{x), (9) 
a''{x)A^{x) + JI'{x)A^{x)\ . (10) 



i7p_A = / dr 



Here a" = aV°a and jf = (aV^Sja) are spin density and spin-current density, respec- 

■' 2mi 

tively, in the rotated frame, and = jf + with 

jr = -^^.,/3(9,M^p)7^"''ata, (11) 

being an additional spin-current density due to SOI. 

Hall conductivity: It is known that dynamics of inhomogeneous magnetization produces 
a spin motive force, and induces a diagonal electric current, as given by the first term of 
Eq. (2), with ag = cr-i — cr^. Here cm) = e^?T,|'^^r|(|)/m is the Drude conductivity for each 
spin component, with nf and I/to- = 2Tin\tn_pV?Ufj /fi (cr =t, i) being the density and the 
damping rate, respectively, of spin-cx electrons, (nimp is the concentration of impurities). In 
the gauge-field formulation, the spin motive field is given in terms of the z-component 
of the SU(2) gauge field A^ as [8, 24, 29] 

i?s,i = ^(M^-5o4^), (12) 

in precisely the same way as the ordinary electric field is given in terms of the electromagnetic 
vector potential. One can show that this expression (12) coincides with the expression given 
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in Eq. (1). To study the Hall response to Es, we here evaluate the Hall current as a linear 
response to the spatial component for simplicity. 



The current-density operator, j'i, consists of three parts, j'i = ji + + j™, where 

ji = -7^ — :a^dia, jf = Afcr°, and = Asof eya(5jV^mp)^°^(aV'a), the last two 

coming from the local transformation and SOI, respectively. Using Kubo formula, the Fourier 
components of the Hall current density are given by 

J^iq^uj) = Y,X^M^q\uJ)A]{q\u), (13) 

where Xij 7^ j) is the correlation function between the current and spin-current densities. 
In the Matsubara frequency representation, they are given by 

X.,(q,q',^a;A)=xS^™ + X^^ (14) 

,skew 



Xf^ = -n dre^-^^{T,j,{q,r)j;i-q')), (15) 
Jo 

X {TAMq, r)j-''i-q') + jTiq, r)g(-q')})- (i6) 

Here (3 is the inverse temperature, ux = 27rA//3 (with A being integer) is the Bosonic Mat- 
subara frequency, and ji{q), ji°(q), ji{q) and il°'^{q) are the Fourier components of the 
current and spin-current densities. The thermal average (■ ■ ■) is taken in the equilibrium 
state determined by L^i in Eq. (8). Since the present theory satisfies the Onsager reci- 
procity relations, the following calculation can be performed in a way similar to the spin 
Hall conductivity [30]. 

Skew-scattering process: In the lowest order in Ago, the first contribution to xfj^"^ comes 
from the third-order impurity scattering with first order coming from H^q. The diagrammatic 
expressions are shown in Fig. 1. We are interested in slowly varying magnetization compared 
with the characteristic time and length scales of electrons, and put q,q' = in the correlation 
function Xij™ related to the electrons. After some calculations, we obtain 
/ 4e 

^S^fe"^^^'^^'^'^) E(^^v-Gfcv), (17) 

^ n,a \ k J k' 

where is the Fourier component of the unit vector n"(r). The impurity- averaged Green's 
functions are given by Gka{z) = {z - + haSgn{lmz))~^ , where = ^k-^Fa, £k = 



and 7o- = , and we put Gt„ = Gkai^^n + 'i^x) and G^a = Gkai^^n)- After the analytic 

continuation, iux u + iO, we obtain 

. h 



up to 0{uj). Here we have put a""^^ = af°™ + af^™ with 

skew \ ^'"^ / el 



(18) 



(19) 



which exphcitly depends on the impurity potential u and the relaxation time 

Side-jump process: In the lowest order in Ago, the first contribution to xff'^ comes from 
the second order impurity scattering (shown in Fig. 2), and is given by 



4e 

xTj %q, q',i^x) = iKo^n^mpU^^ijarig.q, 



X 



75 X] ^kGX„Gka{Gy^ - Gk'a)- 



P 



n k,k',cT 

After the analytic continuation, iux ^ 00 + iO, we obtain 

. n 



up to 0{uj). Here = + af^, with 
2e2 



„side 



being independent of the relaxation time. 

Combining Eqs. (18) and (21), we obtain the Hall current as 

J^ir^t) = asH£.„X(r,t)- (--A^^(r,t)j 
= asH(n X E^i, 



(20) 



(21) 



(22) 



(23) 
(24) 




k'+q-q' 



FIG. 1: Feynman diagrams for Xij™ • '^^^ thick (thin) solid Hne represents an electron line carrying 
Matsubara frequency ze„ + iujx {iSn)- The dotted line (double dotted line with an open circle) 
represents potential (spin-orbit) scattering Vimp {Hso) by impurities. The wavy line represents the 
rotation matrix 7^"^. 
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where ctsh = c^sh" + (^m is the total spin Hall conductivity, and Es is given by (12). The 
Hall current J'^ flows in the direction perpendicular to both n and Eg. This expression is 
our main result. The total current is given by the sum of the diagonal current and the Hall 
current as Eq. (2). Equations (3) and (4) can be obtained in a similar manner. 

The spin-transfer torque that the s-electrons exert on the localized rf-spins is represented 
by ~ js ■ Vn [31], with js = asE being the diagonal spin-current density, the flrst term in 
Eq.(3). The existence of the second term of Eq. (3) suggests the existence of a spin-transfer 
torque due to the spin Hall current, and our result (24) of the spin Hall motive force should 
be the reaction to this torque. Such a study will be reported elsewhere. 

The (spin) Hall resistivity is given by psH = (^sr/o's ~ -P ■^cth/ct^, where cth = ctht ^(^ui, 
with cTHfd) = (^^i) + '^fo)' is known as the extrinsic anomalous Hall conductivity [22]. For 
a typical value of P ~ 0.5, psH in the present case is one order of magnitudes larger than 
that of the conventional AHE. 

DW oscillation: Let us apply the result (24) to a magnetic fleld driven domain wall (DW) 
oscillation in a ferromagnetic nanowire. We consider a Hall device, as shown in Fig. 3, where 
the cross section of the wire forms a square, which allows us to neglect hard axis anisotropy 
energy, and the one-dimensional tail-to-tail DW is positioned at z = 0. When an ac magnetic 
fleld is applied along the wire {/ /z), spins in the wall oscillate around the z axis. Taking 
the ac fleld as -ffac(^) = HcosQt, where H is the amplitude and Q is the frequency, and 
solving the Landau-Lifshitz-Gilbert equation for n analytically, we obtain a DW solution 
^ = (^^fl|i'^J%'tanh^), where = j^{jH/n)smnt and X = a\<p. Here 7 is 
the gyromagnetic constant, A is the width of the DW, and a is the Gilbert damping constant. 




FIG. 2: Feynman diagrams for xfj- The meaning of the diagrams is the same as Fig.l. 
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FIG. 3: Schematic illustration of an experimental setup for the detection of the inverse spin Hall 
motive force caused by a field-driven domain wall oscillation. 



Substituting this solution into Eq. (12), we obtain the spin motive force as 



oo 



V,= I dzE,,, = ---^cosQt, (25) 
' el + a'^ 



oo 



which oscillates in time. For an open circuit condition in the lateral face of the wire, 
Jx = Jy = the Hall voltage at the DW center is obtained as 

V„ = '-^^V., (26) 

where w is the width of the wire. If we choose i/; ~ A, a = 0.01, 7if = Vt = 100 MHz, and 
(Tsh/c"s — -P~^o"ah/o"c ~ 1, the amplitude of Vh is estimated as |Vh| ~ 31 nV, which might 
be detectable experimentally. For a head-to-head DW, the phase of and Vh changes by 
TT relative to Hg^dt), and this fact may be used to discriminate the true signal. 

A dc magnetic field applied in the same (easy-axis) direction can also lead to an oscillatory 
dynamics by the Walker's breakdown [32] , and this will produce ac signals Vs and Vr similar 
to the ones obtained above. 

In conclusion, we have presented a microscopic theory of the AHE driven by the spin 
motive force due to inhomogeneous spin dynamics. It is shown that a Hall current is in- 
duced by the spin motive force in the presence of (extrinsic) spin-orbit interaction, and the 
corresponding Hall resistance is enhanced compared with the conventional AHE. Applying 
the result to the field driven domain-wall oscillation, we have shown that a Hall voltage is 
generated in the lateral face of the wire. 
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